This article presents a valuation theory of futures contracts and derivatives on such contracts when the underlying delivery value follows a stochastic process containing jumps of random claim sizes at random time points of catastrophe occurrence. Applications of the theory are made on insurance futures and options, new instruments for risk management launched by the Chicago Board of Trade.
INTRODUCTION
Presented here is a valuation model for futures contracts and derivatives on such contracts when the underlying delivery value is an insurance index, which follows a particular stochastic process in continuous time and with a discrete state space.
The Chicago Board of Trade (CBOT) implemented a mechanism for transferring catastrophe risk from the insurance industry to private capital markets. In December 1992, CBOT launched CAT futures and CAT options creating a variety of new tools for risk management, and in September 1995, it introduced a new class of catastrophe insurance options based on new insurance indices provided by Property Claim Services, a division of American Insurance Services Group, Inc. The latter options are called PCSTM Catastrophe Insurance Options, or PCS options. PCS calculates and publishes daily the underlying index, which represents the development of specified catastrophe damages.
One motivation for securitization of insurance markets may stem from the inability of traditional reinsurance markets to attract enough risk capital. Never before have natural catastrophes worldwide caused such high losses as in the 1990s. The AmeriKnut K. Aase is with the Norwegian School of Economics and Business Administration, Bergen, Norway. The author gratefully acknowledges a grant from The Norwegian School of Economics and Business Administration. Research was carried out while the author was on sabbatical leave at the Graduate School of Business, Stanford University, Stanford, Calif.
can property-liability insurance industry has been hardest hit because of an accumulation of the most expensive catastrophe events in the USA. Even more crucial than the record highs may be the fact that in the long-term comparison, not only the frequency of natural catastrophes, but also the average loss per event has increased for the insurance industry. This may partly be attributed to population growth in areas such as California and the subsequent concentration of value in disaster-prone regions. The annual floods in the Central Valley of California now cause large material damage each time, whereas the floods of ten years ago, for example, were less noticed, since considerably fewer people lived in the valley then. Also, man-made constructions, in particular roads, seem to aggravate the annual problems.
However, the largest U.S. catastrophe risks include earthquakes in California and hurricanes and tornadoes in Florida and the southern states.
1 Based on such events, computer simulation models have been suggesting potential losses of between $50 and $100 billion, depending on the scenario. The stated capital and surplus of the entire U.S. property-liability insurance industry amounts to $200 billion, currently matching these potential losses as well as other losses, such as the consequences of the aggravated American product liability. About $20 billion of this belongs to the U.S. reinsurers. As a result, the traditional insurance system may face a gap in the area of natural catastrophe risks.
In contrast, the capitalization of the international financial markets seems impressive, where wealth invested in the U.S. alone amounts to about $19 trillion, and its daily fluctuation-about 70 basis points or $133 billion on average-exceeds the maximum possible insurance loss that might arise from an earthquake catastrophe. Against this background, the search for new capacity has led to the prospect of not only trading insurance risk within the traditional insurance and reinsurance markets, but also transferring some of the risk to the more liquid financial markets. Investors in financial markets have traditionally been looking for investments uncorrelated with the market index in order to hedge and diversify, and a catastrophe index may be just such an investment.
This article presents a stochastic model for PCS options as well as CAT products, which allows us to derive relative prices of catastrophe futures and derivatives in an economic model of a partial competitive equilibrium in an insurance futures market.
The author does not describe the detailed institutional basics of PCS options or CAT products but only comments on certain issues that may be of importance for the development and understanding of the model.
2
PCS loss indices represent the absolute USD amount of those catastrophe damages that are estimated and published by PCS for a defined region and a defined time period, whereas CAT products refer to an underlying loss ratio index. In the PCS definition, catastrophe damages are losses of more than $5 million of insured property damages that simultaneously affect a significant number of insurance companies and policyholders. The definition of CAT catastrophes depends on specific loss causes, where a minimum loss volume is not necessary.
1
By far the most expensive insurance losses in the past 25 years were Hurricane Andrew ($16.5 billion) and the Northridge earthquake in Southern California ($12 billion); see Swiss Re, Sigma 2 (1996), Appendix 2. 2 Many institutional details and facts can be found in the bibliography at the end of this article.
The claims in an insurance market can never really exceed the value of the properties covered by the insurance policies. Therefore, the bound for the insurance index used here is related to the total value of all the physical assets in the market. This article models the insurance index as a particular time continuous and discrete state Markov process. The latter may be considered somewhat undesirable when modeling wealth in units of a currency but may here be partly warranted by the fact that catastrophe damages are in general losses of more than a certain minimum amount.
3
In this framework, catastrophic risk is priced using a representative agent competitive equilibrium with constant relative risk aversion in the market. In a previous model, see Aase [5] , this was not possible because of the unboundedness of the proposed stochastic process, which was there taken to be a compound Poisson process. Only the case of a constant absolute risk aversion was then analyzed in detail. In general, a constant relative risk aversion is considered more plausible than a constant absolute risk aversion, and it is clearly desirable to have an analysis also for the former situation, which the author now attempts to provide.
A continuous time, discrete Markov model might not look quite fashionable today, but in the present application it proves to be a useful framework, primarily since explicit expressions for the transition probabilities can be obtained. This article models a new, unfinished but innovative type of market structure.
In the academic literature, there are some articles on catastrophe instruments by now. Geman (1994, 1995) use arbitrage principles; Chang, Chang, and Yu (1996) use a Feynman-Kac approach to computing prices; and in the Geneva Papers, Kielholz and Durrer (1997) and Smith, Canelo, and Di Dio (1997) discuss various aspects of securitization of reinsurance. More is likely to come. This article is organized as follows. The model section presents the economic primitives and explains the catastrophe loss index. Then the pricing theory section derives a futures pricing formula and discusses risk premiums. Next, the section on the theory of catastrophe futures derivatives compares pure futures instruments to conventional ones and presents pricing formulas for futures instruments, including a futures cap, a futures call option, and a futures bull spread. The final section includes a summary and an appendix that explains how the transition probabilities are found for our stochastic model of the loss index in the model section.
THE MODEL
Economists have developed during the last 30 years a canonical model to deal with optimal insurance/risk-sharing and risk prevention. The author aims in this section to review the assumptions and basic results of this simple model. In a later section, the pricing principle of this theory is applied to a model of a catastrophe futures and derivatives market. This section also explains the Markov model for the loss index employed here.
3
A minimum dollar amount exists at least for PCS products.
The Economic Primitives
An exchange economy-an insurance economy-is considered here in a competitive equilibrium where pricing is formed via the marginal utility of a representative agent. A reinsurance syndicate might consist of I members, where each of the agents is characterized by a utility function U i and net reserves { }
The latter are random processes defined on the same filtered probability space ( ) 1 a − is the coefficient of relative risk aversion in the market and r is the market's impatience rate. The treatment allows for any utility function for which an equilibrium exists, so the above choice is merely made to focus attention on a concrete situation. The total wealth in the market at the beginning of the period is denoted by v and treated as a known constant. It measures the physical assets being insured in the market.
This function can come about in a variety of different manners; one obvious one is when all the agents have the same preferences, which is assumed to be the case in what follows.
Given the primitives of the model outlined above, the equilibrium relationship between real market values
Χ at time t and accumulated "dividends"
tT is as follows:
where the marginal utility is ( ) The pricing formula (1) will be used to derive pricing results for futures contracts and derivatives on the futures index in the next section, instruments which are all in zero net supply. An introduction of a new instrument will change allocations and hence result in a new equilibrium. In this new equilibrium, all assets, both old and new, are priced by Equation (1).
Notice that this formula is not quite the Lucas (1978) formula due to the square bracket covariance term in the numerator. The formula of Lucas is only valid in a time-discrete model. Since the model here contains jumps in continuous time, this term does not cancel, as it would in most contemporary models of financial economics. The jump nature of the model is also why a partial equilibrium approach is used, as the "no arbitrage theory" would not have given a unique state-price deflator to work with.
The Catastrophe Loss Index
As time passes, a proxy for the wealth in the market is given by a Markov process
with a finite time horizon T (usually a quarter). Assume that the wealth process X can be decomposed as follows:
Wt is the part of the aggregate wealth processes that excludes insurance claims. This process we assume to be exogenous and deterministic. Let , where the number a is the unit that claim sizes are measured in and, in principle, might be any quantity, such as $25,000, $1 million, $5 million, or whatever quantity is most appropriate.
The accumulated premium ( ) t p in the market by time t is assumed to be a deterministic process where ( )
=Π, where e Π is a known quantity in the market.
The loss index is now modeled by the stochastic process
The range of Z is accordingly the same as the range of Y. The upward jumps in the loss index Z are assumed to take place at the random time points of transitions of the Markov process Y throughout the time inter-
val [ ] 0,T . Thus, given the various levels of losses, the inter-arrival times of catastrophes are independent, exponentially distributed random variables.
To model CAT products, we need a loss ratio index denoted here by ( ) Zt and defined as the loss index ( ) Zt divided by the premium Π in the market before trading, a known quantity in this market, i.e.,
The specification of the underlying dynamics is as follows. The claims can never exceed the value v of the properties covered by the insurance policies. This means that at each point in time, the probability distribution of the remaining economic claims must depend on the realized claims up to that date, i.e., on the state of Z at time t. 
where I A is the indicator of the set A, and , ij p is the probability that the transition goes to state j, given that a transition takes place in state i. Once we have the transition probabilities, the law of the process is determined and in principle anything can be computed, as shown in the next section.
10

PRICING OF CATASTROPHE FUTURES CONTRACTS
For the model described in the previous section, a general expression is derived for the equilibrium futures price and applied to the process. As a starting point, the general pricing formula (1) is used, and because this is not the standard Lucas formula, the subsequent results will be shown to be in accordance with the general pricing rule. This can also be done in other ways, but the following approach is consistent, correct, and original. , where ( ) rt is the short-term world interest rate. This produces a futures contract written on the loss ratio index in Equation (2). 12 10 A model of "catastrophes" in connection with birth and death processes has been discussed by Brockwell (1986) and also in Brockwell, Gani, and Resnick (1982) . These models were more complex than the one presented here, and no formulas for the transition probabilities were derived. These probabilities are rather essential in our approach.
11
There are several results in the literature making mistakes in this regard.
12
The aim here is a CAT futures contract. A PCS contract would result if Z instead of Ẑ was used, but there is apparently no market for the latter contract at the moment. 
where 1 E signifies the conditional expectation operator given 1 ℑ .
Proof: From the definition of a futures contract, F is strictly speaking the real cumulative dividend process associated with the contract. By contract design, the value of the contract at initiation is set to zero, so the pricing rule (1) The integral in this formula is formally a stochastic Stieltjes integral, which is well defined pathwise.
14 The author uses the results on dynamic equilibria for jump processes in Aase (1993a , which is the conclusion of the proposition. 
where t F is the forward price at time t. We then have the following formula for t F :
Proposition 2: In the above proposed model, the real forward price is given by
Proof: Starting with the real accumulated dividend process D given in Equation (10) and noticing that ˆt F by definition also is determined at each time tT < in such a manner that nothing is actually paid at time t, the price process t X in Formula (1) is identically equal to zero for all t <Τ, which means that
since the effect from the square covariance process for this particular D vanishes, and this means that t F must be given by the Formula (11) since t F is t ℑ -measurable, giving the partial equilibrium result sought. 17 In the situation that the world interest rate r is conditionally statistically independent of the insurance loss ratio index ( ) This independent assumption is reasonable in the following situation and is adopted from here on.
16
Technically the author assumes some integrability on F.
17
The results for forward and futures contracts are consistent with the results of Richard and Sundaresan (1981) for a continuous time model with diffusion type uncertainty, but the method of proof here is very different. See also Cox and Ingersoll (1981) and Jarrow and Oldfield (1981) .
18
The author accordingly disregards extremely devastating disasters, such as a major earthquake in Tokyo. The latter event is likely to affect also the interest rate r.
Futures Pricing Formula
Starting from Equation (5) 
where a is the unit that claim sizes are measured in, and Π is the premiums in the CAT futures market before trading in any specific quarter.
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Proof: Starting with the expression 5 rewritten for the utility function, 
Starting with the denominator of Equation (14) Formula (13) is quite explicit, only depending on the parameters of the problem, which are a from the preferences, ( ) W b Τ= from the exogenous part of the aggre-egate wealth process, and in addition the parameters included in the transition probabilities. In the case in which 3, w = for example, these are given in Example 1.
The parameter b may in practice, perhaps, also be interpreted as a scaling parameter in the utility function, in which case it can be thought of as constituting one additional degree of freedom in fitting this model to data. In some sense, the parameter a may also be used this way. .
The premiums Π can indeed be computed using the equilibrium pricing principle in Equation (1), and it must satisfy the following equation: 
Parameter Identification
This section briefly explains how to estimate and identify the parameters in a formula such as Equation (13). The parameter v aw = can be interpreted as the value of the insured assets and should thus be known in the market. The parameter a is part of the construction of the state space of the process Z and known to the empirical worker. Imagine that the one-step transition probabilities P ij can be estimated from historical data. This can be done by counting the relative number of transitions from state . ij → Billingsley (1961) gives a detailed treatise on statistical inference for Markov processes.
The remaining parameters in Equation (13) Later in this article, it is furthermore indicated that sometimes the contract is really an option written on a nontradable index rather than a futures contract, in which case the expression in Formula (13) must be multiplied by a factor , tT Λ given in Equation (27), which also contains the subjective interest rate r . From the estimates obtained above, an estimate of this parameter may be constructed by the use of Equation (15), 20 Statistical "properties" could be obtained by simulation.
where the only new parameter is precisely r , since the total premium volume Π is known in the market.
Risk Premiums
In insurance economics, the risk premium p r of a contract is usually defined as the difference between the market value of the contract and the expected payout under the contract. With a CAT futures contract,
pt rFtEZT =− Under strict risk aversion, if a contract is really an insurance contract, the risk premium should be strictly positive. A CAT futures contract is not formally defined as an insurance contract, but it has some of the same characteristics. This is indeed the case of the risk premium :
denote the intertemporal relative risk aversion. Then 0 g = means risk neutrality, in which case the risk premium is zero. 
r g is differentiable with respect to g , the result will follow if
can be shown for all 0. g > It can clearly be seen that the sign of 
The summands are zero when j = k, positive when kj < , and negative when . jk < If it were not for the term ( ),
Inaj b + the positive and the negative terms would cancel out. When , jk > then the weight ( ) Inaj b + is larger than in the symmetrically opposite case of , kk > which demonstrates that the preceding term is positive, proving the first part of our claim.
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Emphasis is on the dependence of () Ft on g by using the notation ()(). 
Furthermore, notice that the futures price ( ) t F g depends on the level of wealth vaw = in the market, which is rather reasonable from an economic risk perspective, albeit v may in practice not be exactly known.
22
The futures price also depends on the premiums Π , a quantity known to the market participants and determined endogenously in the model through Equation (15).
Finally, if risk premiums are positive, the investors/speculators on the opposite side of the CAT futures contracts have strictly positive expected returns on their investments, which may seem like a necessary requirement for these agents to be willing to participate, and hence for the market to function.
23
This is an essential point, since one of the reasons for establishing the catastrophe instruments on securities exchanges is to attract more capital into the insurance business. In the preceding formula, it seems as if the futures price ( ) t F g does not depend on the insured wealth v in the market, but here we have to remember that the probability distribution of the claims process Y does depend on v, since 0 . Yv =
22
In the neoclassical theory, prices generally depend on technologies, preferences, and endowments.
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Notice that all agents, including speculators, are assumed risk averse in this theory.
Under risk neutrality, 0 g = , in which case the last term in Equation (18) ).
Tt t =−
According to the Equation (18) p increases, it becomes relatively less likely that the severe e catastrophe occurs, resulting in a decrease in the catastrophe futures price. This seems reasonable, since this latter quantity is like a reinsurance premium, and risk-averse insurers ought to be less willing to pay for a reinsurance cover as 2,0 p decreases. Condition (19) directly shows that the effect is reinforced if the relative risk aversion g is large, if the frequency of catastrophes l is large, if the time t to expiration of the contract is large, and if the exogenous wealth b in the market is small, all making economic sense.
In the latter case where 3 t Y = , we get the new parameters 3,1 p and 3,2 p in addition to the above. Comparative statics are naturally still possible, although more complicated, and since the expression for the market price is now getting somewhat long, the details are omitted here to conserve space.
PRICING OF CATASTROPHE FUTURES DERIVATIVES
In practice, futures contracts were not frequently traded instruments in the CAT market, and in the PCS market, futures contracts are not traded at all. Rather, spreads on the futures index and options on the loss index are traded. In the insurance industry, agents are used to profit from losses that are less than originally anticipated. Therefore, it may be more appealing, or at least more familiar, to the insurer to buy, for example, a call option on the futures index. In this case, the insurer will pay the premium when the contract is initialized and will have no obligation to pay anything at the time of settlement; however, if the index ˆT Z at settlement is above the exercise price c, the insurer will receive the difference ( ) T Zc − per long call option contract held.
Furthermore, insurance agents are accustomed to limited liability schemes such as reinsurance layers and stop loss contracts, including so-called umbrellas. In the corresponding CAT and PSC markets, caps are offered to limit credit risk in the case of unusually large losses, and spreads may be considered the counterpart to reinsurance layers, whereas call options are somewhat similar to stop loss reinsurance.
To start with an example, consider a futures cap. This contract is really a futures derivative with payoff at maturity given by the function (), T F f where ˆT FZ = Τ by the principle of convergence, and wherêˆˆ( )min(,2){max(2,0)}.
Thus, the settlement value is the trading unit ($25,000 for CAT contracts) times the loss ratio, capped at an amount equal to twice the trading unit. This is seen to be equivalent to a long position in the loss ratio plus a short position in a call option on the loss ratio with an exercise price equal to two.
Here, futures options means options on futures contracts, typically traded on the same exchange as the underlying futures contracts are traded, and they are usually executed and cleared following the same or similar procedures for the futures. The principal differences concern margining and resettlement practices, which vary widely from exchange to exchange. A distinction is made here between a pure futures option and a conventional futures option. A conventional futures call option, for example, requires payment of the option premium when purchased, and at exercise it pays the buyer any excess of the underlying asset price over the exercise price. A pure futures option, on the other hand, calls for the buyer to receive (or pay) daily any change in the futures option price in order to mark the buyer's margin account to market.
Pure Futures Instruments Versus Conventional Ones
Strictly interpreted, a pure futures option is not an option at all. It is, rather, a futures contract that delivers the corresponding conventional option at expiration. The futures options traded at, for example, the London International Financial Futures and Options Exchange (LIFFE) have resettlement provisions that, in principle, make these more like pure than conventional futures options. The futures options traded on most American exchanges are hybrids of the two extremes. The CAT futures traded at the CBOT exchange seem to be like conventional futures options, but both kinds are treated below.
Returning to Equation ( The underlying futures contract was not really needed in the above, since the expiry dates of the futures contract and the futures derivative were assumed to coincide. Only the loss index Z was really needed, making the analysis relevant also for PCS contracts.
SUMMARY
Presented here was a valuation theory for futures contracts and derivatives on such contracts, when the underlying delivery value follows a continuous time Markov process with a discrete state space, involving jumps of random claim sizes at random time points of catastrophe occurrence. Applications of the theory are made to catastrophe insurance futures and options, where both CAT contracts and PCS contracts are covered.
Several closed pricing formulas are derived based on a partial, competitive equilibrium assumption, both for futures contracts and for futures derivatives, such as caps, call options, and spreads, assuming constant relative risk aversion for the representative agent.
An advantage with the present framework is the possibility for explicit computations, since the transition probabilities are known. For example, the model could have dealt with any set of preferences represented by a utility function for the representative agent, for which the relevant partial equilibrium exists.
A possible empirical implementation of the model would consist in first estimating the generator Q of the process Y from insurance data and then estimating the parameters of the representative agent from price observations in the catastrophe futures market. The relevancy of the model could in some sense be checked depending on the estimates of these latter parameters. Alternatively, if the model were found plausible, one could learn from it about the market for catastrophe futures, the attitudes towards risk in this market, the impatience rate, and the very motivation behind this article.
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Several generalizations of the model are possible. The most obvious is to let the wealth process W also be a continuous time Markov chain. This would yield a bigger state space and lead to more cumbersome notation but would not complicate matters theoretically, although possible empirical implementations could be more involved.
Such questions are impossible to even post for pure arbitrage pricing models, where agents are usually not included in the model. as we have done above for the case w = 3. Thus, larger models may be solved (in principle, there is no upper limit for the value of w that can be handled) and prices computed for the catastrophe futures instruments as functions of the fundamental parameters l and , (). ij p
